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We consider three states which are likely to be realized in bi-layer quantum Hall systems at 
total Landau level filling fraction vt = 1. Two of these states may be understood as paired states. 
One can occur as an instability of a compressible state in the large d/ls limit, where d and Ib 
are the interlayer distance and magnetic length. The other is the (1, 1, 1) state, which is expected 
in the small d/ls limit. We propose that the longitudinal and Hall drag resistivities can be used 
to distinguish these different quantum Hall states. The drag resistivities may be computed in a 
straightforward manner using the paired state formulation. 

PACS: 



I. INTRODUCTION 



Bilayer quantum Hall systems at total Landau level fill- 
ing factor vt = 1 El allow for novel interlayer coherent 
phases. These phases have attracted a great deal of theo- 
retical and experimental attention Q over the last sixteen 
years, dating back to a seminal paper by Halperin ||, in 
which the multicomponent generalization of the Laughlin 
wavefunction was first considered in a rather general con- 
text. In particular, there is strong experimental evidence 
[BE] and a compelling theoretical basis B|| to believe 
that a spin-polarized bilayer v = i quantum Hall sys- 
tem would have a novel spontaneous interlayer coherent 
incompressible phase for small values of the interlayer 
separation d, even in the absence of interlayer tunnel- 
ing. (We consider only the situation without any inter- 
layer tunneling in this paper - our considerations also 
apply to the physical situation with weak interlayer tun- 
neling. The situatiion with strong interlayer tunneling 
is trivial by virtue of the tunneling-induccd symmetric- 
antisymmetric single-particle tunneling gap which leads 
to the usual 1/^ = 1 quantum Hall state in the symmet- 
ric band.) In the limit d — > oo, however, one expects 
two decoupled layers, each with v = i, and hence no 
quantized Hall state. The phase diagram for this incom- 
pressible to incompressible quantum phase transition in 
v = \ bilayer systems has been studied extensively in 
the literature j^], but we still do not have a complete 
qualitative understanding of the detailed nature of this 
transition. In particular, one does not know how different 
kinds of incompressible (and compressible) phases com- 
pete as system parameters (e.g. d) are tuned, and how 
to distinguish among possible competing incompressible 
phases. In this paper, we revisit this issue by arguing 
that, in principle, there are several interesting and non- 
trivial quantum Hall phases in the vt — 1 bilayer system 
which could be systematically probed via interlayer drag 



experiments carried out at various values of the interlayer 
separation d. 

Among the more interesting quantum Hall phases are 
the so-called paired Hall states, which have been ex- 
tensively studied theoretically In these states, 
the composite fermions form an incompressible super- 
conducting paired state in which two electrons composite 
fermions bind into effective Cooper pairs which then con- 
dense into an incompressible ground state analogous to 
the BCS state. The well-studied Moore-Read Pfaffian 
state |(| is a spin-polarized version of such a paired Hall 
state for a single layer system. Bilayer paired Hall states 
have been discussed earlier in the literature in the con- 
text of v = 5 (and v = j systems), but no definitive idea 
has emerged regarding their experimental observability 
or their relation to the more intensively studied (and ro- 
bust) (1, 1, 1) state dJUl. The main purpose of the cur- 
rent paper is to critically discuss the possible existence of 
a paired v = i bilayer Hall state which, we argue, is dis- 
tinguishable from the better-studied (1,1,1) incompress- 
ible state (as well as from compressible states) through 
interlayer drag experiments. Given the great current in- 
terest ^|,|| in the phyiscs of v = i bilayer systems, we 
believe that the results presented in this paper could shed 
considerable light on the nature of the possible quantum 
phase transitions in bilayer systems. 

In sections II, III, and IV of this paper, we consider the 
possible bilayer v = -| quantum Hall phases in the pa- 
rameter regimes d> £b (section II), d > £b (section III), 
and d ~ Ib (section IV), where Ib is the magnetic length, 
which sets the scale for intralayer correlations. We ar- 
gue that the likely ground states in these three regimes 
are, respectively, compressible (Fermi-liquid-like) states 
(d^S> £b), paired Hall states (d > £b), and (1,1,1) states 
(d ~ Ib)- We conclude in section V with a critical discus- 
sion of the various drag resistivities which we argue can, 
in principle, distinguish among these phases and could 
be used to study bilayer quantum phase transitions. 
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II. d^>l B : COMPRESSIBLE STATE 

Let us consider a bi-layer system in which each layer 
has filling factor v = 1/2 in the limit that the layer sep- 
aration d is much larger than the typical interparticle 
spacing, which is of the order of the magnetic length £b- 
As a starting point, we will model the system by two al- 
most independent Fermi-liquid-like compressible states, 
one in each layer. There are two alternative and com- 
plementary descriptions of compressible states at even- 
denominator filling fractions. We will briefly recapitulate 
some features of both, as they will inform the following 
discussion of paired states. 

One description of a Fermi-liquid-like compressible 
state at v = 1/ 2 is based on the lowest Landau level 
wavefunction fLOfl : 

*i/2(te» = Vlll DetM H( Zi - Zj ) 2 , (1) 

where M has the matrix elements My = e lki ' rj . Here, 
rj is the position of electron i. The k^s are parameters 
which are chosen so that the total energy of the system 
is minimized. We will discuss their interpretation below. 
T-'lll projects states into the lowest Landau level; it has 
the following action ]lO| , p| 



V L LLe lk -^V LL L = e 



(2) 



where are the guiding center coordinates of the elec- 
trons. 

The corresponding wavefunction of the double-layer 
system at v x = 1 can be written as 



*comprcsiblc = *l/2 })*l/2 {{z\ }) , 



(3) 



where a =f , J, label the two layers. 

The lowest Landau level constraint and Fermi statis- 
tics displace the electrons from the correlation holes - 
i.e. zeroes of the wavefunction or, equivalently, vortices 
represented by the Ili<j( z i — z j) 2 factor in the wave- 
function. The DetM factor is necessary to ensure Fermi 
statistics; it is a displacement operator |l4| because ki •re- 
acts as kiZj + ki-Jjj- in the lowest Landau level. Thus the 
composite fermion made of an electron and two correla- 
tion holes has a dipolar structure. Using these ideas, the 
system can be described as a collection of dipolar 'com- 
posite fermions' in which each dipolar fermion consists 
of an electron and the corresponding correlation holes 
|u] [TtJ . To each composite fermion we assign a k^ which 
is equal in magnitude (in units of ig) and perpendic- 
ular to the displacement between the electron and its 
correlation holes. By Fermi statistics, the k^s must be 
distinct. The structure of a dipolar composite fermion is 
given schematically in Fig.l. The energy of a compos- 
ite fermion increases with k^, so the ground state is a 
filled Fermi sea in k-space. In the long wavelength limit, 



the total energy of these dipolar composite fermions can 
be approximately written as ^2 i kf /2m* with effective 
mass to* which is determined by the interaction poten- 
tial 110. 



An alternative formulation springs from the observa- 
tion that an electron may be represented by a 'compos- 
ite fermion' together with a Chern-Simons gauge field 
which attaches two fictitious flux quanta to each fermion 
P, ^2|Jl3| . This representation is mathematically equiva- 
lent to the original one, but it naturally suggests a new 
approximation. The composite fermions see zero aver- 
age magnetic field due to the cancellation between the 
external magnetic field and the average fictitious mag- 
netic field coming from the fictitious flux quanta. Con- 
sequently, the system can be described as an almost free 
(composite) fermion system in zero effective magnetic 
field. In this approach, the fictitious flux quanta are in- 
troduced to represent the phase winding of the electron 
wavefunction around correlation holes associated with 
the positions of other electrons. The Deffe* 1 ^' 1 ^] fac- 
tor in (jl]) can be interpreted as the wavefunction of the 
almost free composite fermion system. [jl0],|l3| Then k^s 
can be regarded as the "kinetic momenta" of the com- 
posite fermions. In the long- wavelength, low-frequency 
limit, the two formulations are equivalent. 




FIG. 1. Schematic picture of the dipolar composite 
fermion. The black and white dots represent the electron 
and vortex respectively. The "wavevector" ki is perpen- 
dicular to the dipole moment. 



III. d > i B : PAIRING 

We will now implement the latter formulation in a 
double-layer system, and show that the compressible 
state has a strong pairing instability |7J]. We introduce 
two composite fermion fields tp a and two Chern-Simons 
gauge fields a Q , a =t, I- The Hamiltonian is 

H = H +Hi , 



H = f d 2 r ^T^( V " a «)^ > 

Hj= f d 2 r [ d 2 r' 5 Pa {r)V afi (r - v')5 Pfj {v') (4) 



with the constraints V x a Q = 2ir(j)8p a (v). (f> = 2 
if the filling factor of each layer is v — 1/2. Here 
6p(r) = p(r) — p is the density disturbance measured from 
the average value p. The interaction potential is given by 
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V\f = Vn = e 2 /er and V\± — Vj,f = e 2 /e^/r 2 + d 2 where 
e is the dielectric constant. 

It is convenient to change the gauge field variables to 
a.± = |(a-f ± a^). Then H can be rewritten as 



H 



d 2 r 



1 



2m* 



^(V-a+-a_)^T 



(5) 



with V x a± = 7T^[<5/9| (r) ± (r)] . From (||) , we see that 
ipf and tpi have the same gauge "charges" for a + , but op- 
posite gauge "charges" for a_ . As a result, there will be 
an attractive interaction between the composite fermions 
in different layers via a_ and a repulsive interaction via 
a+ . Composite fermions in the same layer have repulsive 
interactions. As a result of Coulomb infractions, the at- 
tractive interaction mediated by the a_ gauge field dom- 
inates in the low energy limit and there exists a pairing 
instability between the composite fermions in different 
layers. This result can be understood in physical terms 
as follows. The a_ and a + fields represent antisymmet- 
ric and symmetric density fluctuations. In the presence 
of Coulomb interactions, symmetric density fluctuations 
are highly suppressed, but antisymmetric density fluctu- 
ations can still be large. As a result, the dynamic density 
fluctuations in the antisymmetric channel becomes more 
important in the low energy limit and lead to a pairing 
instability. 

This pairing instability has a natural explanation in 
the dipolar composite fermion picture [|l4-17|. Let us 
take a dipolar composite fermion in layer | with wavevec- 
tor = hp and a dipolar composite fermion in layer | 
with wavevector k^ = — kp. As seen in Fig. 2, this config- 
uration can lower the interlayer Coulomb energy because 
the electron in layer f and the vortex in layer J, can sit 
on top of each other and vice versa. 
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FIG. 2. Pairing of the "intralayer" composite fermions. 

This analysis predicts that, at least in principle, the 
Fermi-liquid-like compressible state is always unstable to 
pairing. In practice, the pairing gap will be small in the 
limit d ^> Ib and easily destroyed by disorder. As a 
result, we expect the pairing instability discussed above 
to be relevant for d/£s not too small. When d/ls be- 
come small, on the other hand, the starting point of two 



decoupled compressible states is no longer sensible, and 
we take a different starting point, as described in later 
sections. 

The wavefunction of the paired quantum Hall state 
constructed in this way can be written as 



\\j ■ — * ct . 

^pair — w pair 



IK4-j) 2 II(; 



i 



4f 



(6) 



i>j 



k>l 



where 



p^ = Pi[/(^;T,l)] 

= A[f(zi,z 2 ; t, j)/(>3, z 4 ; T, 4) 



(7) 



and/(zi, z%; f, J,) is the pair wavefunction which depends 
on the symmetry of the pairing order parameter. Pf [• • •] 
denotes the Pfaffian, which is defined in the second line, 
with A[- ■ •] denoting the antisymmetrized product. No- 
tice that \l/pair can be regarded as the product of the 
wavefunction of the paired composite fermions and that 
of the (2,2,0) bosonic Laughlin quantum Hall state. 

It is not immediately clear what choice of f(zi, Z2; 1\ I) 
is most favorable energetically. In the Chern-Simons the- 
ory of , there is a pairing instability in all angular mo- 
mentum channels Q. In a modified Chern-Simons the- 
ory, it was claimed that the leading instability occurs in 
the p-wave channel JTs| ] . These approximate calculations 
do not necessairly capture the detailed energetics which 
determines the pairing symmetry. Hence, we will not 
enter into a discussion of energetics, but limit ourselves 
to a discussion of the simplest (and, therefore, likeliest) 
possibilities. 

The simplest possibility is p x + ip y pairing, 



Pf 



Ti-Lj iitj 



i>j 



k>l 



A\2 



(8) 



Using the Cauchy identity (Tj| , 

N N 

Y[ {at - aj){bi - bj) = JJ ( ai - bj)Det\(ai - bj)' 1 ] , 



i>j=l 



this can be rewritten as 



*pair — ^(3,3,-1) 



11(4 - 4) 3 (^ - 4) 3 II(^ - 



(9) 



(10) 



i>j 



Thus ^pair is the (3, 3, —1) state if one takes the p x + ip y 
pairing. This wavefunction is well-behaved in the long 
distance limit, but has a short distance singularity. In 
the presence of Landau-level mixing, the short distance 
part of the wavefunction can be modified without chang- 
ing the structure of the wavefunction in the long distance 
limit. 
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Pf 



/(N-^-l/O 



iw-^im 



i\2 



(11) 



fc>Z 



Here, /(O) = and f(x) — > 1 as x — > oo. In realistic sys- 
tems, where Landau-level mixing is substantial, ^(3,3,-1) 
could be a good candidate for the paired quantum Hall 
state represented by "fpair- It is natural to assume that 
^pair does not have an "interlayer Josephson effect" be- 
cause there is no gapless neutral mode in the system, in 
contrast to the case of the (1,1,1) state {§§]. We will 
show this later by direct calculation. 

Another possibility for the pair wavefunction /(zj, Zf, t 
, I) is the exponentially decaying function 

f(z h z f , T, |) = (hij + UW (*i - z.y-^-^'t (12) 

with a correlation length £. This would correspond to 
a "strong" pairing state while the previous choice of 



l/(* 



,■) corresponds to a "weak" pairing state in the 



terminology of of Read and Green |gfj. Finally, the 
pairing wavefunction could have s-wave symmetry, which 
would entail a pairing form similar to (|l2|), but without 
the {z,i — Zj) factor. 



IV. d~l B : (1,1,1) STATE 

When the layer separation becomes sufficiently small, 
the interlayer Coulomb interaction can be comparable to 
or even larger than the intralayer Coulomb interaction. 
In this case, it should be more advantageous to first form 
an "interlayer" dipolar object which consists of an elec- 
tron in one layer and two vortices in the other layer, 
then form a paired state of these "interlayer" composite 
fcrmions, as shown in Fig. 3. In the Chern-Simons for- 
mulation, this corresponds to the situation in which the 
electron in one layer can only see fictitious flux in the 
other layer. The appropriate Chern-Simons constraint 
equation are: 



V x a| = 2w(f>Spi , V x ai — 2w(f)dpi . 



(13) 



As in the previous case, we can form symmetric and 
antisymmetric combinations of the gauge fields and 
aj_. Again, the antisymmetric combination mediates an 
attractive interaction. The wavefunction of the corre- 
sponding paired quantum Hall state has the following 
form. 



N 



^pair — ^pair 



IK* 



4) 2 



where 



4> 



cf 



Pf[.9(z 4 ,z,;U)] 



(14) 



(15) 



and g(zx, Z2] Tj J.) is the appropriate pair wavefunction. 
Notice that the wavefunction <& pa ir can be regarded as the 
product of the wavefunction of a paired state of the com- 
posite fermions and that of the (0,0,2) bosonic Laughlin 
quantum Hall state. 




Q 



FIG. 3. The pairing of the "interlayer" composite 
fermions. 

However, this line of thinking appears to conflict with 
the conventional wisdom that a bi-layer quantum Hall 
system at vt = 1 is described by the (1,1,1) state for 
d/t B ~l j§. Fortunately, the (1, 1, 1) state, 



n 



JV 



*(i,m)= n (4-4x4-4) IK 

i>j=l i,j=l 

can be rewritten in the form 



z] - z\) 



(16) 



\i\rj T iiij 



N 



IK4 

i,3'=l 



4) 2 



using the Cauchy identity. In other words, 
g{zi,zfj,i) = — J - J - . 



(17) 



(18) 



is the correct choice for d/ts ~ 1- 

Notice that this form of g(zi, Zj; f, J.) corresponds to 
the (pseudo-)spin triplet p x + ip y pairing order param- 
eter for the "interlayer" composite fermions. From this 
point of view, it is natural to have the same pairing sym- 
metry ( [TT| ) for d > Ib but for "intralayer" rather than 
"interlayer" composite fermions. 



V. DRAG RESISTIVITIES 

In the preceeding sections, we have described three 
possible states of a bi-layer system at = 1. As one 
decreases the ratio of d/ls, we expect the following se- 
quence of phase transitions 



compressible 



(3,3,-1) 



(19) 



The transition between ^ 



disorder-driven since \& 



compressible 



and W 



(3,3,-1) 



compressible 



should never be the 
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ground state in the presence of disorder. Hence, we ex- 
pect the transition to be second-order. On the other 
hand, the transition between ^(3,3,-1) and ^(1,1,1) is 
likely to be first order because the nature of the underly- 
ing quasiparticles changes from the "intralayer" compos- 
ite fermions to the "interlayer" composite fermions and 
this change is not likely to be continuous. More formally, 
the change of the wavefunction requires a flux attachment 
transformation without changing the total filling factor 
which does not usually occur continuously. Of course, 
disorder will eventually round the transition and make it 
second order. 

Since the first order transition may be obscured by dis- 
order, it is important to discuss experiments which can 
distinguish the ^(3,3,-1) and ^(1,1,1) states. Here, we 
propose Coulomb drag experiments in which the longi- 
tudinal, pN and Hall, pj.1, drag resistivities are used to 
distinguish the different phases. These may be calculated 
in Chern-Simons theory from 



a/3 
Pij 



cf a/3 
Pij 



P 



cs a/3 



(20) 



where i,j — x,y, a, f3 =T>4) is the antisymmet- 
ric tensor, and p cs Q/3 = 28 a /3 in the compressible and 
(3,3,-1) states ("intralayer" composite fermions) while 
pcsaf3 _ 2(7^ in the (1, 1, 1) state ("interlayer" compos- 
ite fermions). 

First, consider the longitudinal drag resistivity. In the 
compressible state, if we neglect gauge field fluctuations, 
Pxx^ = Oj so Pxx — 0- Including these fluctuations, it 
vanishes as T 4 / 3 at low temperatures In ^(1,1,1) 

and 5'(3 ! 3 i _i), p% f J^ and, hence, pj.1 vanish at zero tem- 
perature and are activated at low temperatures. 

Now, let us consider the Hall drag resistivity. In the 
compressible state, both terms on the right-hand-side of 
( pp| ) vanish, so the Hall drag resistivity vanishes. In the 
(3, 3, —1) state, p c xy is that of a p x + ip y superconductor, 
which has vanishing charge resistivity (since it is a super- 
conductor) but quantized spin Hall resistivity. In other 
words, p c J y cc = 0, pl f y cs = 0, p c J y ss = 1. Consequently, 
Pll = Px l y = 3, and pl y = -1. In the (1, 1, 1) state, p c J y 
is identical, but p™ y is different, so pj.1 = p^ y — 1, and 
1. 

We conclude by summarizing our results. We have 
shown that the v = \ (vt = 1) bilayer quantum Hall 
system (in the absence of interlayer tunneling) is likely 
to have as its ground state a novel paired Hall state (pos- 
sibly of p-wave symmetry) for intermediate layer separa- 
tions d > £3, which gives way to the usual (1, 1, 1) state 
for smaller layer separations (d ~ £3), and to compress- 
ible Fermi-liquid-type states (two decoupled Halperin- 
Lee-Read [[l3| v = ^ layers) for large layer separations 
(d 3> £b)- We argue that the quantum phase transitions 
separating the paired states from the (1,1,1) and bilayer 
Halperin-Lee-Read states can be experimentally studied 
via the measurement of various components of interlayer 



rxy 



drag resistivities. 
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